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Abstract-We derive a quantum hydrodynamic model from a relaxation time approximation of 
the quantum Boltzmann equation by mean-free path asymptotics. The (formal) asymptotics are 
carried out in the case of a large electric field. They give a linear model for the position, current and 
energy densities of the electron gas. 
Keywords-Quantum Boltzmann equation, Moment hierarchy, Small mean free path asymp- 
totics. 
1. THE QUANTUM TRANSPORT MODEL WITH THE 
RELAXATION TIME APPROXIMATION 
We consider the following quantum Boltzmann equation 
wt + 2,. V,w + $!&[V]w = Q(w); x,21 E !R3, t > 0. (l-1) 
Here z denotes the space variable, 21 the velocity variable and t the time. q is the elementary 
charge, m the effective electron mass and fi the Planck constant. The function V = V(z) 
is the electrostatic potential, which we assume to be prescribed. w = ~(2, w, t) is the phase 
space (pseudo) distribution function of the electrons and &[V] the following pseudo-differential 
operator: 
(1.2) 
Q(w) is a quantum scattering operator, which shall be defined in detail below. 
The equation (1.1) with Q(w) set to 0 is the so-called Wigner-transport equation. It models 
the quantum transport of electrons in the vacuum under the action of the field E = -VV. The 
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velocity-moments of the Wigner function w are physical observables 
n(x, t) = J w(x, v, t) dv (position density), n; (1.3) 
J(x,t) = -q 
J 
vw(x, v, t) dv (current density), 
IRE 
(1.4) 
qx,t) = ; J ~v~~w(x, v, t) dv (energy density). 
% 
(1.5) 
The IVP for the Wigner equation is mathematically well understood, its basic analytical prop- 
erties can be found in [l-3]. 
To model a semiconductor realistically, we have to incorporate the effects of electron scattering 
into the model. In this paper, we use an ad hoc approach, namely a relaxation time approximation 
of the form 
Q(w)=;(n$-w). (1.6) 
Here, r > 0 denotes the relaxation time, w” a suitably chosen steady state Wigner-function 
and no the corresponding steady state position density given by no = JR3 w” dv. We remark that 
this model, which can also be found in the physical literature [4], is set ip to guarantee the local 
charge balance equation 
qnt - divJ = 0, 2 E Iws, t > 0. P-7) 
However, some important properties of Wigner-functions, like the nonnegativity of the position 
density and the nonnegativity of the corresponding Husimi functions [2,3] cannot be guaranteed 
for the solutions of (1.1). 
A convenient way to compute the steady state solution w” is given by the so-called Bloch- 
formalism [5,6]. Let wg = wg(z, v, P) be the solution of the equation 
2 dwl3 - = ;A~wB - ~~v~~wB + qRfi[V]wB, a x,v E lR3, P > 0, 
w&v,P=O) = (;)3, 
where f&[V] is the pseudo-differential operator 
Then, denoting by T > 0 the lattice temperature, we set 
w’(t,v) = t”B x v ( ’ 
(1.8) 
(1.9) 
(1.10) 
(1.11) 
where kg is the Boltzmann constant. 
It is easy to show that w” is a steady state solution of the collisionless equation (1.1). Since, 
by the construction Q(w”) = 0, we expect the solutions of (1.1) to relax towards w” as t + 00. 
2. SCALING 
At first, we scale the equilibrium problem (1.8)-(1.11). D enoting by L the intrinsic length scale 
(e.g., the diameter of the active region of the device) and by v a characteristic potential value, 
we scale 
x = Lxa, P = kBT/%z, 
kBT v= -v 
/- m ” 
(2.1) 
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(2.2b) 
N denotes a characteristic value of the position density (e.g., the maximal doping of the device). 
We obtain, skipping the index ‘s’ for the scaled quantities 
2 dWB -= 
80 
;A,wB - 1v12w~ + cxR,[V]w~, (2.3) 
WB(X,V,P = 0) = ;, (2.4) 
wO(x, v) = wB(x, 21, P = 1)~ (2.5) 
with 
(2.6) 
The scaled Planck constant is 
and 
v 
CY=--, 
UT 
b=&, (2.8) 
where UT = ksT/q is the thermal voltage. 
Now let ? be the characteristic relaxation time scale. Then, the mean free path is given by 
l=j= IcsT. 
r 
(2.9) m 
We denote the normalized mean free path by 
A= ;. (2.10) 
For the scaling of the quantum Boltzmann equation (l.l), we use the characteristic time 
EC ;. (2.11) 
Then, scaling the other variables as above, we obtain the scaled quantum Boltzmann equation 
A(wt + 2,. Vzw) + b&[V]w = 1 T(n$-w), (2.12) 
where 7 is now of order of magnitude 1. O,[V] is given by 
&[V]w = f (v (x + &VU) - v (z - $VU)) . (2.13) 
The parameter b is 
b = Xa. (2.14) 
Since we are interested in the large-field case, we shall assume that b = O(l), i.e., V/UT is of 
the order of magnitude of the reciprocal of the scaled mean free path X (which is assumed to be 
small). For simplicity’s sake, we set b = 1, i.e., o = l/X. Note that then the Bloch-solution ws 
depends also on A. However, we expect we/no to only depend moderately on X (in fact, we/no 
is independent of X in the limit E -+ O!). 
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3. MOMENT HIERARCHIES AND SMALL MEAN 
FREE PATH ASYMPTOTICS 
We now proceed in close analogy to [7]. 
At first, we define the following moment tensors: 
for 15 jr,... , j, 5 3. From (2.12) (with b = l), we obtain the moment hierarchy 
(sk/sO>mO - ??Zk 1 7 (3.4) 
where, as usual, we set 
3d (div mkf1)31 ,...,j, = C _mm1,‘3+1;“.(3h. 
l=l ax1 
The tensor Tk can easily be computed. Up to rank 3, we obtain 
To = 0, (3.5a) 
jl _ dV 
r1 - -aZj,“0 
jl>iZ = 
7.2 
dV j, ,n dV j, 
axj, l - g&“’ ’ 
(3.5b) 
(3.5c) 
il&,i3 _ av mg2i3 av 
r3 
 
axi, 
,A ,i3 av E2 _ _mjzlf2 + _ a3v 
dxj, 2 dxj, 4 dxj, dxj, dxj, m”’ 
(3.5d) 
Also, since WB is symmetric in each u-component, we conclude sr = 0, sg = 0. The equation (3.4) 
with k = 3 reads 
> 
+Q=-T. (3.6) 
The closure relation of the hierarchy (3.4) at the level k = 3 is obtained by neglecting the 
O(X)-terms in (3.6). We then set 
ma = --I-r3 (3.7) 
and the system (3.4) for k = 0, 1,2 reads: 
a 
-mo + div ml = 0, 
at 
a 
> 
ml zml+ divm2 - V,Vmc = -I, 
> 
+Q= 
(s2ls0)mo - m2 , with 
7- 
7-2 = -V,V@mml -ml@V,V 
(3.8a) 
(3.8b) 
(3.8~) 
(3.8d) 
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and the constitutive relation 
(3.8e) 
Here, we denote 
[f~iJl jlJZJ3 = f~Igh + pg31’k3 + fAg31>32~ 
It is an easy exercise to show that the expansion error is (formally) 0(X2) (see [7]). Note that the 
quantum correction of order c2 depends on the third derivatives of the potential. It only appears 
in the energy equation and it is linear in the position density ms. 
We remark that there is still some arbitrariness in the above methodology. For instance, 
introducing another 0(A2) correction, the electric field -V,V in equation (3.8e) could be replaced 
by the term -m1/Tma using (3.8b) ( see also [7]). Taking the formal classical limit E --t 0 in the 
system (3.8) does not yield the hydrodynamical model [l], but the system obtained in [7]. 
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